























ON NEWTON STRATA IN THE B+dR-GRASSMANNIAN
EVA VIEHMANN
Abstract. We study parabolic reductions and Newton points of G-bundles on the
Fargues-Fontaine curve and the Newton stratification on the B+
dR
-Grassmannian for any
reductive group G. Let BunG be the stack of G-bundles on the Fargues-Fontaine curve.
Our first main result is to show that under the identification of the points of BunG with
Kottwitz’s set B(G), the closure relations on |BunG| coincide with the opposite of the
usual partial order on B(G). Furthermore, we prove that every non-Hodge-Newton de-
composable Newton stratum in a minuscule affine Schubert cell in the B+
dR
-Grassmannian
intersects the weakly admissible locus, proving a conjecture of Chen. On the way, we
study several interesting properties of parabolic reductions of G-bundles, and determine
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1. Introduction
In the past years, two main discoveries have revolutionized the field of p-adic Hodge theory
and of arithmetic geometry: Scholze’s construction of perfectoid spaces, and the definition
of the fundamental curve of p-adic Hodge theory by Fargues and Fontaine. Since then, these
have led to significant advances towards understanding local and global Shimura varieties,
as well as local Langlands correspondences.
The main geometric objects in this theory are (moduli stacks of) G-bundles on the
Fargues-Fontaine curve. We fix a prime p and a connected reductive group G over a fi-
nite extension F of Qp. Let BunG be the small v-stack assigning to every perfectoid space
S over Fp the groupoid of G-bundles on XS , compare [SW, Prop. 19.5.3]. Here, XS is
the relative Fargues-Fontaine curve over S. For more details we refer to the later sections.
We denote the underlying topological space of BunG by |BunG|. Let C be an algebraically
closed complete nonarchimedean field over Fp. By [F], we have a bijection B(G) → BunG(C)
where B(G) is Kottwitz’s set of Frobenius-conjugacy classes of elements of G(F̆ ). We obtain
a bijection B(G) → |BunG|, see [Sch, Prop. 12.7]. We denote G-bundle corresponding to
some [b] ∈ B(G) by Eb.
The author was partially supported by ERC Consolidator Grant 770936: NewtonStrat.
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The set B(G) carries a partial order which also describes the specialization order among
F -isocrystals with additional structure in characteristic p, cf. [RR]. Using Kottwitz’s classifi-
cation [K1], the elements [b] ∈ B(G) are described by two invariants. The first is to associate
with b ∈ G(F̆ ) its image under the Kottwitz map κG, an element of π1(G)Γ, where Γ is the
absolute Galois group of F . The second invariant is the Newton point νb of b, an element of
X∗(T )
Γ
Q,dom, where we refer to Section 2.1 for the notation. In terms of these invariants, the
partial order is given by [b] ≤ [b′] if κG(b) = κG(b′) and νb′ − νb is a non-negative rational
linear combination of positive coroots. We equip B(G) with the topology induced by the
opposite of this partial order, i.e. [b′′] ∈ {[b′]} if and only if [b′] ≤ [b′′].
Theorem 1.1. The bijection |BunG| → B(G) is a homeomorphism.
As was pointed out to us by P. Scholze and D. Hansen, this result (together with a deep
result of Fargues and Scholze on local charts for BunG) immediately implies the following
theorem, which proves a conjecture of Chen, [Che, Conj. 2.11]. For details compare Section
3.4 below.
Theorem 1.2. Let [b] ≥ [b′] ∈ B(G). Let P be the parabolic subgroup of G with Levi
factor M the centralizer of νb and such that νb is anti-dominant with respect to P . Let
bM ∈ [b] ∩M(F̆ ) with M -dominant Newton point νb. Then Eb′ has a reduction (Eb′)P to P
such that (Eb′)P ×P M ∼= EM[bM ] is the M -bundle corresponding to the class of bM in B(M).
Several partial results towards Theorem 1.1 have already been obtained in the past years:
By results of Kedlaya-Liu [KL, Thm. 7.4.5] and Scholze-Weinstein [SW, Cor. 22.5.1], Eb′′ ∈
{Eb′} implies νb′ ≤ νb′′ . In [FS, Thm. II.1.3], Fargues and Scholze prove that the map
Eb 7→ κG(b) is locally constant. In particular, the map in the theorem is continuous.
Hansen [Han1] proves the remaining assertion on openness for G = GLn, using Theorem
1.2 for this case. Indeed, the main result of [B+6] is that Theorem 1.2 holds for GLn. To
prove Theorem 1.1, Hansen starts with a vector bundle corresponding to [b′] together with
a filtration such that the associated graded vector bundle corresponds to some [b′′] ≥ [b′].
He then constructs a family of vector bundles with filtration with the same Newton polygon
νb′ that degenerates into a vector bundle where the associated filtration is split, allowing to
conclude that it has the desired bigger invariant [b′′]. However, the methods used in [B+6]
are tailored to the GLn-case, and it is not clear how togeneralize them to other groups.
The idea for the proof of Theorem 1.1 is is completely different from Hansen’s ap-
proach. We use families of G-bundles constructed as modifications of the trivial G-bundle
via Beauville-Laszlo uniformization of BunG. It turns out to be hard to compute the ele-
ment in B(G) corresponding to the modification associated with a given point in the B+dR-
Grassmannian GrG. To circumvent this difficulty, we replace the computation of individual
Newton points by that of the Newton point on a dense subset of a suitable semi-infinite cell
in GrG, see Theorem 6.4. Then we use the well-known closure relations between semi-infinite
cells to conclude.
Our second main topic is also related to Newton strata in the B+dR-Grassmannian. Let C









where the union is over all conjugacy classes of cocharacters of G. It corresponds to a
subdivision of GrG into locally spacial sub-diamonds, the affine Schubert cells GrG,µ, whose
C-valued points are the contribution for the respective µ in the above decomposition.
Let b ∈ G(F̆ ) be a basic element. From the Beauville-Laszlo uniformization, we have
for every point x ∈ GrG,µ(C) a modification Eb,x of the G-bundle Eb. Subdividing GrG,µ
according to the isomorphism class of Eb,x induces a decomposition of GrG,µ into locally
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closed locally spatial sub-diamonds Gr
[b′]
G,µ,b called Newton strata. The set of [b
′] ∈ B(G)
such that the associated Newton stratum is non-empty is denoted B(G,µ, b), for an explicit
description compare Definition 2.2 and Corollary 5.4. For b = 1, we obtain the classical
Kottwitz set B(G,µ, 1) = B(G,µ). Let [b′] ∈ B(G,µ, b) be basic. Then the corresponding
Newton stratum Gr
[b′]
G,µ,b is open in GrG,µ. If µ is minuscule and κG(b) = µ
♯, then [b′] = [1]
and Gr
[b′]
G,µ,b can be identified with the admissible locus F(G,µ, b)
a in the flag variety for
(G,µ) in the sense of Rapoport and Zink [RZ], compare the constructions by Hartl [Har2]
and Faltings [Fal], for those pairs (G,µ) considered in loc. cit.
It is a difficult and open question to describe the admissible locus. A first approximation is
the weakly admissible locus constructed by Rapoport and Zink [RZ] and Dat-Orlik-Rapoport
[DOR], who defined an open adic subspace F(G,µ, b)wa of the adic flag variety associated
with G and µ. In Section 4 below we give a generalization of the weakly admissible locus for
affine Schubert cells GrG,µ. For minuscule µ, it coincides with the classical weakly admissible
locus via the Bialynicki-Birula isomorphism GrG,µ → F(G,µ)
⋄. The weakly admissible locus
is an open subspace of GrG,µ containing the admissible locus, and the two spaces have the
same classical points, compare Theorem 5.2 below. However, even for µ minuscule they only
coincide in exceptional cases, for so-called fully Hodge-Newton decomposable pairs (G,µ),
see [CFS]. It is natural to ask for a description of the complement, i.e. the intersection of
the weakly admissible locus with the other Newton strata.
In this context, [b′] ∈ B(G,µ, b) is called Hodge-Newton decomposable if its Newton
point satisfies ν♯Lb′ = (νbµ
−1
dom)
♯L ∈ π1(L)Γ,Q for some proper Levi subgroup L of the quasi-
split inner form of G containing the centralizer of νb′ . In Proposition 7.8 we show that if
[b′] is Hodge-Newton decomposable, then every modification Eb,x for x ∈ Gr
[b′]
G,µ,b(C) has a
reduction to w0L (as modification, not only as modified bundle). We use this to show that
Hodge-Newton decomposable Newton strata do not intersect the weakly admissible locus.
Our second main result is that the converse also holds.
Theorem 1.3. Let G be a connected reductive group over F . Let {µ} be a minuscule
conjugacy class of cocharacters of G, let b ∈ G(F̆ ) be basic and let [b′] ∈ B(G,µ, b). Then




(2) [b′] is Hodge-Newton indecomposable.
Several people have been working on this question before, and there are a number of
partial results available. In [Che, Thm. 5.1] Chen observes that the proof of [CFS, Thm. 6.1]
yields the following (although the assertion in [CFS] is slightly different): Firstly, non-
emptiness of GrwaG,µ,b ∩ Gr
[b′]
G,µ,b implies Hodge-Newton indecomposability of [b
′]. In [Che,
Conj. 5.2], Chen conjectures the assertion of Theorem 1.3, at least if G is quasi-split and
νb = µ
♯ as elements of π1(G)Γ,Q. Chen, Fargues and Shen prove this assertion for Hodge-
Newton indecomposable [b′] that are minimal in B(G,µ, b) \ {[b′0]} with respect to the usual
partial order. Here, [b′0] denotes the unique basic element in B(G,µ, b). Finally, Chen [Che,
Prop. 5.3] proves several particular cases for the group G = GLn and explicit elements [b
′].
Shen [Sh] proves a variant of the results of [CFS] for non-minuscule µ, but using a different
definition of weak admissibility than the one we use.
The approach we take to prove Theorem 1.3 is quite the opposite of trying to generalize
the existing proofs. Whereas previously, only elements close to the basic [b′0] ∈ B(G,µ, b)
were considered, our main step is to prove the theorem for the maximal Hodge-Newton
indecomposable element of B(G,µ, b). We then use Theorem 1.1 to deduce the general
assertion.
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Another interesting outcome of our study of the weakly admissible locus and its classical
points is Theorem 5.5, which characterizes all Newton strata Gr
[b′]
G,µ,b having classical points.
Acknowledgment. I thank Miaofen Chen, Laurent Fargues, Paul Hamacher, David Hansen,
Urs Hartl, Michael Rapoport and Timo Richarz for helpful discussions and David Hansen
and Peter Scholze for making preliminary versions of [Han2] resp. of [FS] available to me.
2. Background
2.1. Notation. Let F̆ be the completion of the maximal unramified extension of F . Let Γ
denote the absolute Galois group of F .




Let A be a maximal split torus of H . Let T be its centralizer, and let B be a Borel
subgroup of H containing T . Let U be its unipotent radical.
Denote by (X∗(T ),Φ, X∗(T ),Φ
∨) the absolute root datum, by Φ+ the positive roots and
by ∆ the simple roots of T with respect to B.
Further, (X∗(A),Φ0, X∗(A),Φ
∨
0 ) denotes the relative root datum, Φ
+
0 the positive roots
and ∆0 the simple (reduced) roots.
Let
(2.1) N (G) = (Hom(DF , GF )/G(F ))
Γ
where D is the pro-torus with character group Q, and where G(F ) acts by conjugation.
Then the inner twisting induces an identification N (G) = N (H) = X∗(A)Q,dom.
On X∗(A)Q resp. X∗(T )Q we consider the partial order given by ν ≤ ν′ if ν′ − ν is a
non-negative rational linear combination of positive relative resp. absolute coroots. For this
we do not assume that the elements are dominant.
We caution the reader that we use both the additive and the multiplicative notation for
elements of X∗(A) and X∗(T ), and sometimes switch from one to the other.
We denote by B(G) the set of G(F̆ )-σ-conjugacy classes of elements of G(F̆ ). These
are classified by two invariants, compare [K1], [K2], [RR]. The first is the Kottwitz map
κG : B(G) → π1(G)Γ, where π1(G) = π1(H) is the quotient of X∗(T ) by the coroot lattice.
The second is the Newton map ν : B(G) → N (G). Then the map
(κG, ν) : B(G) → π1(G)Γ ×N (G)
is injective.




→ N (G) ∼= X∗(A)Q,dom → X∗(T )Q → π1(G)Γ,Q
agrees with the image of κG([b]). Here, the above maps are the Newton map, the natural
inclusions and the natural projection.
The set B(G) has a partial order. It is defined by [b] ≤ [b′] if κG(b) = κG(b′) and νb ≤ νb′ .
Definition 2.1. Let [b] ∈ B(G) be basic and {µ} a conjugacy class of cocharacters of G.
We write µ ∈ X∗(T ) for the dominant representative. Then let
(2.2) B(G,µ, b) := {[b′] ∈ B(G) | κG(b
′) = κG(b)− µ
♯, νb′ ≤ νb(µ
−1,⋄)dom}.
Here µ⋄ is the Galois average of µ and µ♯ = µ♯G is the image of µ in π1(G)Γ. These subsets
inherit a partial order from the partial order on B(G).
Remark 2.2. (1) For [b] = [1] we obtain B(G,µ, 1) = B(G,µ).
(2) In [CFS, 4], Chen, Fargues and Shen write B(G, κG(b)− µ♯, νb(µ−1,⋄)dom) for the
set that we denote by B(G,µ, b).
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(3) These subsets parametrize the non-empty Newton strata in a given affine Schubert
cell, compare Corollary 5.4 below.
2.2. The B+dR-Grassmannian. We recall from [CS, 3.4] and [SW, 19] the B
+
dR-Grassmannian
and its decomposition into affine Schubert cells.
For a perfectoid affinoid F -algebra (R,R+) consider the surjective map W (R♭,+) → R+
and let ξ ∈ W (R+) be a generator of its kernel. Then we denote B+dR(R) the ξ-adic com-




Then the B+dR-Grassmannian GrG of G over Spa F is the sheaf for the pro-étale topol-
ogy representing the functor that maps any affinoid perfectoid F -algebra (R,R+) to the set
of pairs consisting of a G-torsor E on SpecB+dR(R) and of a trivialization of E|SpecBdR(R). It is
also the étale sheafification of the functor mapping a pair as above toG(BdR(R))/G(B
+
dR(R)).
Let C be an algebraically closed and complete extension of F . Then we also write




dR(C). Choosing an isomorphism B
+
dR
∼= C[[ξ]], the Cartan








where the union is over all conjugacy classes of cocharacters of G.
Let {µ} be a conjugacy class of cocharacters of G, and let E be its field of definition.
We recall the affine Schubert cell associated with µ. It is defined as the subfunctor GrG,µ
of GrG,E assigning to S the set of all maps S → GrG such that for all complete and




dR). Furthermore, let GrG,≤µ be defined similarly, using a
union of G(B+dR)-cosets over all µ
′ ≤ µ. By [SW, 19.2], GrG,≤µ is a spatial diamond and
proper over Spd E, and GrG,µ is a locally spatial diamond which is open in GrG,≤µ.
For the rest of Section 2.2 assume that G is quasi-split and let T,B, and U be as above.
Let K be a complete field extension of F such that G is split over K.
Definition 2.3. Let η ∈ X∗(T )dom. Let Sη,η be the subfunctor of GrG,(−η)dom,K assigning
to a perfectoid space S over SpaK the set of maps S → GrG,(−η)dom such that each geometric








Proposition 2.4. The map Sη,η → GrG,(−η)dom,C is an open immersion. In particular,
Sη,η is a locally spatial diamond. Furthermore, it is cohomologically smooth of ℓ-dimension
〈2ρ, η〉.
Remark 2.5. Let E be the field of definition of the conjugacy class of µ. We denote by
F(G,µ) the associated flag variety over E. Let b ∈ G(F̆ ). By [SW, Prop. 19.4.2] (and [CS,
3.4] for G = GLn) there is a natural Bialynicki-Birula map
BB = BBµ : GrG,µ → F(G,µ)
⋄.






with x1 ∈ G(B
+






uniquely determined by x, and BB(x) is its image under the map to F(G,µ)⋄(C) induced
by the reduction G(B+dR) → G(C).
If µ is minuscule, BBµ is an isomorphism, [SW, Prop. 19.4.2].
Remark 2.6. Let G be quasi-split. We consider the decomposition of the flag variety F(G,µ)
into Schubert cells for the action of B. Let Pµ be the parabolic subgroup (containing B)
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with F(G,µ)w(C) = U(C)wPµ(C)/Pµ(C).
Proof of Proposition 2.4. Since η is assumed to be dominant, the defining condition on









dR) is the kernel of the reduction modulo ξ. This in turn is equivalent to
BB(−η)dom(x) being in the open Schubert cell in the flag variety for (−η)dom. This implies
the first assertion, and the second is an immediate consequence, since GrG,(−η)dom is a locally
spatial diamond.
The assertion on smoothness and dimension follows from the same assertions for GrG,µ
in [FS, V.1.4]. 









Definition 2.7. Let λ ∈ X∗(T ).
(1) For η ∈ X∗(T )dom we define Sλ,η to be the locally spatial sub-diamond λ(ξ)η(ξ)−1Sη,η ⊂
GrG,C .
(2) For λ ∈ X∗(T ) let Sλ be the subsheaf of GrG,C such that S → GrG,C is in Sλ if each





Proposition 2.8. Sλ is an ind-diamond, and





Proof. Multiplying by λ(ξ)−1 we may assume that λ = 1. Let S be affinoid perfectoid and
consider a morphism S → Sλ. Since GrG = lim
→µ
GrG,≤µ, it induces a morphism S → GrG,≤µ
for some µ. Since λ = 1, the image of µ in π1(G) is trivial. We want to show that the
above morphism factors through some Sλ,η. It is enough to show that for µ as above there
is an η ∈ X∗(T )dom such that every geometric point of GrG,≤µ that lies in Sλ is in fact a
geometric point of Sλ,η.
We choose a faithful representation G → GLn for some n, and may thus assume that
G = GLn. Recall that we consider µ with trivial image in π1(G). Replacing µ by a larger
element we may assume that it is of the form ((n − 1)a,−a, . . . ,−a) for some a > 0. Then
x ∈ GrG,≤µ(C) if and only if all entries of any representing matrix (with coefficients in
BdR(C) ∼= C((ξ))) have valuations greater or equal to −a. The point x lies in S1(C) if
this representing matrix can be chosen in U(BdR). These conditions together imply that
x ∈ S1,η(C) for η = 2aρ∨, i.e. 〈α, η〉 = a for every simple root α. 





(2) From the Iwasawa decomposition we obtain GrG,C =
∐
λ Sλ.
(3) If the intersection Sλ ∩GrG,≤µ is non-empty then the same proof as in the classical
case shows that λdom ≤ (−µ)dom.
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3. The Newton stratification and parabolic reductions
3.1. Modifications of G-bundles and Newton strata. We recall the construction of
modifications of G-bundles and Newton strata in the adic flag variety. For more details,
compare [CS, 3.5], [Far1, 4.2] or [FS, 2].
Let S be a perfectoid space in characteristic p. Then we have the associated relative
Fargues-Fontaine curve, compare [SW, 11]. It can be defined as XS = YS/φ
Z where for
affinoid S = Spa(R,R+), we have
YS = Spa W (R
+) \ {[π]p = 0}.
Here, π is a pseudo-uniformizer of R. For S = Spa (C0, C
+
0 ) for a complete and algebraically
closed non-archimedean field C0 we also write X instead of XS .
A G-bundle on XS is defined as an exact tensor functor from the category of representa-
tions of G to the category of vector bundles on XS or directly as a G-torsor locally trivial
for the étale topology.
We denote by BunG the small v-stack of G-bundles on the Fargues-Fontaine curve. It
assigns to every perfectoid space S over Fp the groupoid of G-bundles on XS . For details
we refer to [FS, 2]. We denote the underlying topological space by |BunG|.
By [F] (and [Sch, Prop. 12.7]) we have a bijection between |BunG| and the set B(G). To
translate [F, Def. 1.1] into our terms, let b ∈ G(F̆ ). Let Eb be the G-bundle on X obtained
by taking the descent of the trivial G-torsor on Y via the Frobenius map (bσ)⊗ φ, where φ
is the Frobenius on Y .
Let us also recall the algebraic Fargues-Fontaine curve. Let O(n) be the line bundle on X
for b = p−n. Let P =
⊕
n≥0 H
0(X,O(n)). The summand for some n is equal to O(Y )ϕ=p
n
.
The algebraic curve is defined as Xcl = Proj(P ). There is a morphism of ringed spaces
X → Xcl inducing an equivalence of categories between the categories of vector bundles on
Xcl and on X , respectively, compare [Far1].
Let b ∈ G(F̆ ). As in [SW, 19], GrG can be seen as the functor mapping any affinoid
perfectoid S = Spa(R,R+) over Spd F to the set of G-torsors over Spec(B+dR(R)) together
with a trivialization over BdR(R).
Consider a G-bundle E over XC♭ . The untilt C corresponds to a point ∞ ∈ XC♭ . By [F]
and [A, Thm. 6.5], E|X
C♭
\{∞} is trivial.
For S as above consider x : S → GrG. By [SW, Prop. 11.3.1], S is a closed Cartier
divisor of XS♭ . Gluing E over XS♭ \ S and the G-torsor over Spec(B
+
dR(R)) given by x à la
Beauville-Laszlo, we obtain a G-bundle Ex. Mapping x as above to Ex we obtain a canonical
map
BLb : GrG,µ → BunG.
Definition 3.1. For [b′] ∈ B(G) let Gr
[b′]
G,µ,b be the subdiamond corresponding to |BLb|
−1({Eb′}) ⊂
|GrG,µ|. It is called the Newton stratum (for the datum (b, {µ}, [b′])).
As in [CS, 3] this defines a decomposition of GrG,µ into locally spatial locally closed
subdiamonds.
Remark 3.2. (1) Replacing b by g−1bσ(g) for some g ∈ G(F̆ ) corresponds to a multipli-
cation of the trivialization of Eb|X\{∞}. In particular, multiplication by g
−1 on GrG
identifies Newton strata for modifications of Eb with Newton strata for modifications
of Eg−1bσ(g).
(2) By [F, 4], if E ∼= Eb′ for some [b′] ∈ B(G), then −κG(b′) is the first equivariant Chern
class c1(E) of E . Let b ∈ G(F̆ ) and x ∈ Gr
[b′]
G,µ(C). By [CS, Lemma 3.5.5] we have
(3.1) − κG(b
′) = cG1 (Eb,x) = µ
♯ + cG1 (Eb) = µ
♯ − κG(b).
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In this work we are mainly interested in Newton strata for modifications of the G-bundle
associated with a basic element b. In Corollary 5.4 below we show that in this case a Newton
stratum Gr
[b′]
G,µ,b is non-empty if and only if [b
′] ∈ B(G,µ, b).
3.2. Adjoint quotients and inner forms. In this subsection we collect some reduction
steps and comparisons that we need later on to reduce proofs to the case of quasi-split G.
3.2.1. Let G be a connected reductive group over F . Let Gad be its adjoint group. By a
subscript ad we denote images under the projection pr : G → Gad.
By [FS, Lemma II.1.5], the induced morphism pr : BunG → BunGad is a surjective map
of v-stacks. By [Sch, Prop. 19.2], the corresponding map |pr| : |BunG| → |BunGad | is thus a
quotient map.
Let b ∈ G(F̆ ) be basic and {µ} a conjugacy class of cocharacters of G. Since the value of
κG is constant on B(G,µ, b), the projection B(G,µ, b) → B(Gad, µad, bad) is injective.
Furthermore, passing to the adjoint group commutes with the Beauville-Laszlo map. In







3.2.2. Let b0 ∈ G(F̆ ) be basic. Let Gb0 be the inner form of G obtained by twisting with
b0.
We obtain an isomorphism BunG = BunGb0 by mapping a G-bundle E on XS to the
Gb0 -torsor of isomorphisms of G-torsors Isom(Eb0 , E). On points, it induces a bijection
B(G) ∼= B(Gb0) sending [b0] to [1]. In terms of our above construction of Eb we can make
this more explicit. Let C be again a complete and algebraically closed extension of F and let
b ∈ G(C). Then EGb is obtained by descending the trivial G-bundle on Y via the Frobenius
that is twisted by bσ. We map it to the descent of the trivial Gb0 -bundle on Y via the
Frobenius twisted by (bb−10 )(b0σ) where b0σ is the Frobenius map on Gb0 . In other words,
the above bijection maps EGb to E
Gb0
bb−10
. This map changes the Newton point of each class
by νb0 , which is central, and the Kottwitz point by adding κG(b0), compare [K2, 3.4]. In
particular, the bijection between B(G) and B(Gb0 ) is compatible with the partial orders on
the two sets.
Let {µ} be a conjugacy class of cocharacters of G, and assume that b ∈ G(F̆ ) is basic.
Restricting the above map, we also obtain a bijection
B(G,µ, b) ∼= B(Gb0 , µ, bb
−1
0 ).
Using the definition of Gb0 as an inner form of G, the identity map GC → Gb0,C induces








for all [b′] ∈ B(G,µ, b).
3.3. Parabolic reductions.
3.3.1. Slope vectors and non-positivity. Let G′ be a parabolic or Levi subgroup of G. Let E
be a G-bundle on X . Then a reduction of E to G′ is a G′-bundle EG′ on X together with





Let P be a parabolic subgroup of G, let M be the Levi quotient of P and let N be its
unipotent radical.
Definition 3.3. Let E be a G-bundle on X and EP a reduction to P . Then the map
X∗(P ) → Z
χ 7→ deg(χ∗EP )
is Galois invariant and can thus be viewed as an element v(EP ) ∈ π1(M)Q,Γ = X∗(ZM )ΓQ,
called the slope vector of the reduction.
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In case that G is quasi-split and that P is standard, we can also view v(EP ) as an element
of X∗(T )
Γ
Q = X∗(A)Q that is central in M .
We call the reduction non-positive if for each P -dominant character χ ∈ X∗(P/ZG) we
have degχ∗(EP ) ≤ 0.
Remark 3.4. (1) In order to switch between the conventions for slope vectors of par-
abolic reductions of G-bundles and for the Newton vectors of the associated ele-
ments of B(G) we introduce the following notation: For ν in X∗(A)Q or X∗(T )Q let
ν∗ = w0(−ν) where w0 is the longest Weyl group element. Similarly, if [b′] ∈ B(G),
let [b′]∗ = [b′
−1
]. It is the unique class with κG([b
′]∗) = −κG(b
′) and ν(b′)∗ = (νb′)
∗ =
(−νb′)dom.
(2) Assume that G is quasi-split. If E ∼= Eb′ for some [b′] ∈ B(G), let P be the parabolic
subgroup associated with v = ν∗b′ . Then E has a unique reduction to P of slope
vector v, called the canonical reduction of E , see [F]. The corresponding slope
polygon v = v(EP ) = ν∗b′ is the Harder-Narasimhan polygon of E .
Let Eb′ be a G-bundle on X and EP any reduction to a parabolic subgroup of
G. Then the comparison theorem for the Harder-Narasimhan reduction implies that
the slope vector v of EP satisfies v ≤ ν∗b′ .
Proposition 3.5. Let G be a reductive group over F and let P be a parabolic subgroup. Let
M be its Levi quotient, and fix an embedding M ⊂ P . Let b ∈ M(F̆ ). Let E = EGb be the
associated G-bundle over X. Let EP be any reduction of E to P . Then the following are
equivalent:
(1) EP ×P M ∼= EMb
(2) EP ∼= EPb
(3) There is an automorphism of E identifying the subbundle EP with EPb →֒ E
G
b .
Definition 3.6. Let G be reductive over F and let P be a parabolic subgroup of G. Let E
be a G-bundle on X and let EP be a reduction to P . We call the reduction EP split if the
equivalent conditions of Proposition 3.5 are satisfied.
Proof. Clearly, (3) ⇒ (2) ⇒ (1). For the converse, we first consider the case of GLn. Using
the equivalence between GLn-torsors and vector bundles, we are in the following situation:
We have a vector bundle F of rank n and a decomposition F = F1 ⊕ · · · ⊕ Fr for some r.
Further we have a filtration F ′0 = (0) ⊆ F
′
1 ⊆ · · · ⊆ F
′





∼= Fi. We have to
show that there is an automorphism of F mapping F ′i to
⊕
j≤i Fi. We may assume that all
Fi are stable by refining the filtration and the decomposition using a decomposition of each
Fi into stable subbundles. Using descending induction on r it is enough to show that there
is an inclusion Fr →֒ F inducing an isomorphism F ∼= F
′
r−1⊕Fr. Let λr be the slope of the
(stable) vector bundle Fr. Let F̃ be the filtration step of the Harder-Narasimhan filtration of
F ′r−1 of Harder-Narasimhan slopes ≥ λr. We view it as a subbundle of F . Then F
∼= F̃ ⊕F ′
for some F ′ and similarly for F ′r−1. Replacing F by F
′ we may assume that all slopes of
F are less or equal to λr. Then we have a canonical map Fr →֒ F as the first filtration
step of the Harder-Narasimhan filtration of F . The composition with the projection to Fr
maps Fr to a subbundle of Fr which is also a quotient of Fr. Since Fr is stable, it is either
equal to Fr (in which case we have constructed the desired section of F → Fr) or trivial.
However, in the latter case, the map Fr → F would have image in F ′r−1, in contradiction
to our assumption that all Harder-Narasimhan slopes of F ′r−1 are smaller than λr. Thus we
obtain an induced isomorphism F ∼= F ′r−1 ⊕Fr, which by induction implies the proposition
for G = GLn.
Now we consider the general case. Again we can refine the parabolic reduction EP using
a refinement of the canonical reduction of EP ×P M to assume that EP ×P M is a stable
M -bundle. Let Ecan be the canonical reduction of E , a reduction to a parabolic subgroup
P0 of G. Let HN(E) denote the Harder-Narasimhan polygon of E . Let w be the shortest
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representative of the unique class in WP \W/WP0 with w(HN(E)) = HN(EP ×
P M). Then
the parabolic reductions EP and Ecan are in constant relative position w over all of X , where
the relative position is defined as in [Sch, 4]. Indeed, this can be checked on a suitable
representation G → GLn, where it follows from (3) for GLn. Intersecting the two reductions
of E we obtain a sub-H-bundle EH whereH = P∩wP0 ∼= w
−1
P∩P0. Let Hu be the unipotent
radical of H . Then from the explicit description of w (and the fact that EP ×P M is stable),
we obtain H/Hu ∼= M and EH ×H H/Hu ∼= EP ×P M is a reduction of E . Viewing EH as
a subbundle of Ecan, we can now apply the same argument as in [F, Proof of Prop. 5.16]
(which also works for refinements of the canonical reduction since H1(X,U ) = 0 for any
vector bundle U on X whose Harder-Narasimhan slopes are all ≥ 0). We obtain that
EH ∼= (EH ×H M) ×M H where we choose an embedding of M into H that is a section
of the projection map. Altogether we obtain subbundles EM →֒ EH →֒ EP →֒ E . From
Harder-Narasimhan theory together with the explicit description of the automorphisms of
E in [FS, II.5], we obtain that EM (as subbundle) is obtained from EMb by an automorphism
of E . Thus the same automorphism identifies EP and EPb . 
For later use we consider the following application.
Corollary 3.7. Assume that G is quasi-split. Let x ∈ Gr
[b′]
G,µ,1 for some [b
′]. Let P be
a standard parabolic subgroup of G, and let M be its standard Levi factor. Assume that
the reduction (E1,x)P corresponding to the reduction E
P
1 of E1 is split, (E1,x)P ×
P M is






Proof. Let (E1,x)M be an M -subbundle of (E1,x)P with (E1,x)P ∼= (E1,x)M ×M P . By our
assumptions, the slope vector of (E1,x)P coincides with the Harder-Narasimhan vector of
(E1,x)P ×P M . In particular, (E1,x)M is uniquely determined as the intersection of (E1,x)P
with the canonical reduction of E1,x, as in the proof of the preceeding proposition. From the
above modification we obtain that (E1,x)M ∼= (E1,x)P ×P M = EM1,prM (x)
. We now compare
the modification between EP1 and (E1,x)P given by x to the modification between E
M
1 and
(E1,x)M given by prM (x), and the associated modification of the P -bundles obtained by
taking a pushout to P : Let x̃ ∈ M(BdR) describe a modification of M -bundles that is
inverse to prM (x). It induces a modification between (E1,x)M ×
M P and a P -torsor E ′P on X
with E ′P ×
P M ∼= EM1 . By [Che, Cor. 2.9], this implies that E
′
P is a split reduction of E
G
1 to
P . In other words, the two inverse modifications corresponding to prM (x) (as modification
of (E1,x)M ×M P ∼= (E1,x)P ) and x coincide up to an automorphism of EP1 . Thus there is an





3.3.2. Inner forms. Let b ∈ G(F̆ ).
We consider a parabolic subgroup P of GF̆ that is stable under bσ. Then we obtain a
P -bundle over XC by descending the trivial P -bundle on YC via the Frobenius given by
(bσ)⊗ ϕ. It can be seen as a reduction Eb,P of Eb to P .
Let b0 ∈ G(F̆ ) be basic and such that P as above is also stable under b0σ. Then the
parabolic subgroup P can also be seen as the base change to F̆ of a parabolic subgroup Pb0
of Gb0 (defined over F ). The above reduction E
P







to Pb0 ⊂ Gb0 in the sense of Section 3.3.1.
Two special cases are of particular interest: If b is basic, we can apply these considerations
to b0 = b. If P is defined over F , we can take b0 = 1.
Remark 3.8. Let b0, b1 be basic such that P is stable under b0σ and under b1σ. From the
definition of being non-positive, we obtain that the reduction (E
Gb0
bb−10
)Pb0 is non-positive if





Indeed, the condition depends on pull-backs of the bundles under characters of P which
are invariant under b0σ resp. under b1σ. These two conditions are equivalent since b0b
−1
1
stabilizes P and is hence contained in P .
3.3.3. Modifications.
Remark 3.9. Recall (for example from [CFS, Lemma 2.4]) the following comparison between
parabolic reductions of modifications. Let E , E ′ be two G-bundles on X and assume that
E ′ = Ex for some x ∈ GrG(C). Then the isomorphism between E|X\{∞} and E
′|X\{∞}
induces for every P a bijection
(3.2) {reductions of E to P} → {reductions of Ex = E
′ to P}.
On the other hand, a reduction of some b ∈ G(F̆ ) to a parabolic subgroup P or to its
Levi subgroup M is defined (following [CFS, Def. 2.5]) as an element b′ ∈ [b] ∩ P (F̆ ) resp.
b′ ∈ [b] ∩M(F̆ ) together with some g ∈ G(F̆ ) with b′ = g−1bσ(g), up to equivalence. Here,
(bM , g) ∼ (h−1bMσ(h), gh) for any h ∈ M(F̆ ).
The notions of parabolic reduction of some b ∈ G(F̆ ) and of the associated G-bundle Eb
do not correspond to each other. A reduction of b to P induces a natural reduction of Eb to
P , but not conversely. In particular, the analog of (3.2) for reductions of b would be clearly
false.
Considering modifications of P -bundles, and of the associated M -bundles, we obtain the
following easy, but very useful observation.
Lemma 3.10. Let EM be an M -bundle on X together with a trivialization of its restriction to
Spec(B+dR), and let EP = EM ×
M P and E = EM ×M G. Let x ∈ GrG(C). From the Iwasawa
decomposition G(BdR) = P (BdR)G(B
+
dR) we obtain a representative x0 of x in P (BdR). Let
prM (x) be its (well-defined) image in GrM (C). Then by the previous remark, EP induces a
reduction (Ex)P of Ex to P . It coincides with the modification of EP corresponding to x0.
Furthermore, we have
((EP )x)×
P M ∼= (EM )prM (x).
Lemma 3.11. We use the notation of Lemma 3.10.
(1) The slope vector v((Ex)P ) coincides with the image of cM1 (EP ×
P M)−κM (prM (x)) ∈
π1(M)Γ in π1(M)Γ,Q.
(2) Assume that G is quasi-split and that x ∈ Sλ(C) for some λ ∈ X∗(T ). Let EB1 be the
trivial B-bundle, and E = EB1 ×
B G. Then the slope vector of the induced reduction
(Ex)B is −λ⋄.
(3) Let P ⊆ P ′ ⊆ G be two parabolic subgroups, and let EP be a P -bundle over X with
slope vector vP . Then the slope vector vP ′ of EP ×P P ′ is the image of v under the
projection map π1(M)Q,Γ → π1(M ′)Q,Γ.
Proof. The first assertion follows from Lemma 3.10 together with (3.1).
The second assertion follows from the first, using that in this case ZM = M = T , and
that the map to X∗(A)Q maps λ to λ
⋄.
The third assertion is obvious. 
3.4. Opposite reductions. In this section we consider parabolic reductions whose slope
vector is anti-dominant, and such that the associated M -bundle is semistable, to prove
that Theorem 1.1 implies Theorem 1.2. The idea for this proof was pointed out to us by
D. Hansen.
We consider the local charts for BunG introduced in [FS, IV.3]. Let [b] ∈ B(G). Let M
be the centralizer of its Newton point νb and let P be the parabolic subgroup with Levi
factor M such that νb is P -anti-dominant. Then Mb is defined as the v-stack assigning to
any perfectoid space S over Fq the groupoid of P -bundles EP over S such that EP ×P M
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is the M -bundle EMbM associated with the reduction of [b] to the centralizer of its Newton
point. It is a cohomologically smooth Artin v-stack.
We consider the natural map πb : Mb → BunG mapping EP to EP ×P G. By [FS,
Thm. IV.3.5], it is partially proper, representable in locally spatial diamonds and cohomo-
logically smooth.
We can now prove that Theorem 1.1 implies Theorem 1.2.
Proof of Theorem 1.2. Let [b] ≥ [b′] in B(G). We have to show that the point of BunG
corresponding to [b′] is in the image of πb. However, since πb is cohomologically smooth, the
induced map on topological spaces is open. The split P -bundle EMbM ×
M P is mapped to [b].
Hence by Theorem 1.1, the image of πb contains all [b
′] ≤ [b]. 
4. The weakly admissible locus
Definition 4.1. (1) A point x ∈ GrG(C) is weakly admissible for b = 1 if and only if
for any parabolic subgroup P of G with Levi quotient M , the reduction (E1,x)P of
E1,x induced by the reduction EP1 of E1 is non-positive.
(2) Let b ∈ G(F̆ ) be basic. Then x ∈ GrG(C) is weakly admissible for b if the corre-
sponding point x ∈ GrGb(C) as in Section 3.2.2 is weakly admissible for 1.
(3) We denote the set of weakly admissible points (for b) by GrG,b(C)
wa.
From this we immediately obtain the following lemma that in particular allows to reduce
the computation of weakly admissible points from a reductive group to the quasi-split inner
form of its adjoint group.
Lemma 4.2. Let b ∈ G(F̆ ) be basic.
(1) x ∈ GrG(C) is weakly admissible for b if and only if xad ∈ GrGad(C) is weakly
admissible for bad.
(2) Let b0 ∈ G(F̆ ) be basic. Then x ∈ GrG(C) is weakly admissible for b if and only if
x ∈ GrGb0 (C) is weakly admissible for bb
−1
0 .
Lemma 4.3. Assume that G is quasi-split and let b ∈ G(F̆ ) be basic. Then x ∈ GrG(C) is
weakly admissible for b if and only if for every standard parabolic subgroup P with standard
Levi factor M and every reduction bM = g
−1bσ(g) of b to M , the reduction (Eb,x)P of Eb,x
induced by the reduction EMbM ×
M P of Eb is non-positive.
Proof. Let P be a parabolic subgroup of Gb. Then P can be seen as a parabolic subgroup
of GF̆ stable under bσ. Since G is quasi-split, P is conjugate (by some g) to a standard
parabolic subgroup P ′ of G, which is then stable under g−1bσ(g)σ. Since it is defined over
F , this holds if and only if g−1bσ(g) is in the stabilizer of P ′, which equals P ′. Modifying g
by a suitable element of the unipotent radical of P ′ we may assume that g−1bσ(g) is in the
standard Levi factor of P ′. In this way σ-conjugation with g translates between reductions
of Eb,x as in the lemma, and reductions of E
Gb
1,x to P . 
Remark 4.4. Using the preceeding two lemmas, one could also define the weakly admissible
locus for non-basic b: An x ∈ GrG(C) is admissible for b if the corresponding element
xad ∈ GrH(C) (where H is the quasi-split inner form of Gad) satisfies the property of
Lemma 4.3.
Remark 4.5. Let G be quasi-split. Recall that a σ-conjugacy class [b] ∈ B(G) is superbasic
if it does not have a reduction to any proper Levi subgroup of G. Every [b] ∈ B(G) has
a reduction bM to a standard Levi subgroup M such that [bM ]M is superbasic in M and
such that the M -dominant Newton point of [bM ]M is G-dominant. Since M is standard and
corresponds to a minimal Levi subgroup of Gb, it is uniquely defined by [b].
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For any standard Levi subgroup M we consider the averaging map





as well as the corresponding map X∗(T )Q → X∗(A)Q.
Lemma 4.6. Let G be a quasi-split connected reductive group over F and let b ∈ G(F̆ )
be basic. Let P be a standard parabolic subgroup of G with standard Levi factor M and
such that b has a reduction bM = g
−1bσ(g) to M with [bM ]M superbasic in M . Then





dR) we have avM (−λ) ≤ avG(−λ).
Proof. Replacing b by bM replaces Gb by GbM = g
−1Gbg, and x is weakly admissible for b if
and only if g−1x is weakly admissible for bM . Thus we may assume that b = bM and g = 1.
By Lemma 4.3, x is weakly admissible if and only if for every standard parabolic subgroup
P ′ with standard Levi factor M ′ and every reduction bM ′ of b to M
′, the reduction (Eb,x)P ′





P ′ of Eb is non-positive. By Remark 4.5, M
is the unique minimal element among the standard Levi subgroups containing a reduction
of b. Hence M ⊆ M ′, and bM ′ = h−1bσ(h) with h = jh′ ∈ Gb(F )M ′(F̆ ). Thus the
reduction (Eb,x)P ′ is a coarsening of the reduction of Eb,x to P obtained from the reduction
j−1bσ(j) = b of b to M . If this finer reduction is non-positive, then the same holds for
(Eb,x)P ′ . Thus x is weakly admissible if and only if for every reduction j−1bσ(j) = b of
b to M , the corresponding reduction (Eb,x)P of Eb,x is non-positive. Now we use Lemma
3.11 and the fact that νb is central to compute the slope vectors of these reductions. The





dR) satisfies avM (−λ) ≤ avG(−λ). 
The next lemma is the generalization to our context of the assertion that admissible
implies weakly admissible.
Lemma 4.7. Let x ∈ GrG(C) be such that Eb,x is semi-stable. Then x is weakly admissible
for b.
Proof. By Lemma 4.2 and Section 3.2 we may assume that G is quasi-split, replacing it by
a quasi-split inner form of its adjoint group. The condition that Eb,x is semi-stable implies
that for every parabolic subgroup P of G, every reduction of Eb,x to P is non-positive. Weak
admissibility requires this condition only for particular such reductions. 
By Corollary 5.4 below, an x as in the lemma exists at least if b itself is basic. Altogether
we obtain
Proposition 4.8. Let G be a reductive group over F , let {µ} be a conjugacy class of cochar-
acters of G and E its field of definition. Let b ∈ G(F̆ ) be basic. Consider the subfunctor
GrwaG,µ,b of GrG,µ with Gr
wa
G,µ,b(S) consisting of those elements of GrG,µ(S) such that for
every geometric point of S, the associated element of GrG,µ(C) lies in GrG,µ,b(C)
wa. Then
GrwaG,µ,b defines a locally spatial diamond over E, and is open and dense in GrG,µ.
Proof. As usual we may assume that G is quasi-split. We use the notation of Lemma 4.6.
We may assume that b = bM . By Lemma 4.6, the complement in GrG,µ is a union of
translates (by elements of Gb(F )) of the subspaces Sλ ∩ GrG,µ where λdom ≤ (−µ)dom and
with avM (−λ)  avG(−λ). The union of the above subspaces Sλ ∩ GrG,µ is stable under
Pb(F ). In particular, the above union of translates of this union of subspaces is profinite.
Furthermore, avM (−λ)  avG(−λ) implies the same condition for every λ′ ≤ λ. From
the closure relations for the Sλ we thus obtain that the complement is closed in GrG,µ, which
implies that GrwaG,µ,b is a locally spatial diamond over E, and open in GrG,µ. Density follows
from the density of the basic Newton stratum together with Lemma 4.7. 
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In the remainder of this section we compare our notion of weak admissibility to the
semi-stable locus in flag varieties via the Bialynicki-Birula map, compare Remark 2.5.
Let G be a reductive group over F and let {µ} be a conjugacy class of cocharacters of G.
Let E be its field of definition. We denote by F(G,µ) the associated flag variety over E. Let
b ∈ G(F̆ ). Let C be a complete field extension of F̆ . For x ∈ F(G,µ)(C) we denote by µx ∈
{µ} the associated cocharacter, which is then defined over C. For every representation (V, ρ)
of G we have an associated filtered isocrystal defined as (VF̆ , ρ(b)σ,Fil
•
ρ◦µxVC). Then x is
semi-stable if for every (V, ρ), the associated filtered isocrystal is semi-stable, compare [DOR,
Def. 8.1.5] for details. This defines a partially proper open adic subspace F(G,µ, b)ss ⊆
F(G,µ) whose C-valued points are the semi-stable points defined above. If κG(b) = µ♯ ∈
π1(G)Γ,Q, such x are also called weakly admissible.
Lemma 4.9. Let {µ} be minuscule. Then the Bialynicki-Birula map induces an isomor-
phism GrwaG,µ,b → F(G,µ, b)
ss,⋄.
Proof. The Bialynicki-Birula map is an isomorphism between the affine Schubert cell and the
flag variety. Thus it remains to show that the claimed restriction exists and is a surjection
on C-points for any algebraically closed complete extension of F .
Let x ∈ GrG,µ(C). It is weakly admissible for b if and only if xad ∈ GrGad,µad(C) is
weakly admissible for bad. By [DOR, Prop. 9.5.3(iv)] an analogous statement holds for the
semi-stable loci. Thus we may assume that G is adjoint.
Let G′ be a quasi-split inner form of G, obtained by twisting with a basic element b0 ∈
G(F̆ ). Let b ∈ G(F̆ ) and let b̃ = bb−10 ∈ G
′(F̆ ) the corresponding element. Again by [DOR,
Prop. 9.5.3], we obtain an identification of the associated semi-stable loci
F(G,µ, b)ss = F(G′, µ, b̃)ss.
By Lemma 4.2 above we have a corresponding comparison for the weakly admissible loci in
the affine Schubert cell. Hence it is enough to prove the lemma for quasi-split G, in which
case it is an immediate consequence of [CFS, Prop. 2.7] together with Lemma 4.3 above. 
Example 4.10. For non-minuscule µ, the Bialynicki-Birula map is not an isomorphism
and the notions of weakly admissible resp. semi-stable loci do not correspond to each other
any more, as we now illustrate. In particular, our definition of weak admissibility does not
coincide with the corresponding definition in [Sh, 6.4], contrary to what is claimed in [Sh,
Prop. 6.15].
We call x ∈ GrG,µ(C) classically weakly admissible if BB(x) is semi-stable in the above
sense.
We consider the caseG = GL2, b = diag(t
2, t2) of constant Newton slope 2, and µ = (4, 0).
Notice that this is even an example where κG(b) = µ
♯, so that the flag variety notions of
weak admissibility and of semi-stability coincide. Furthermore, Gb = G in this case.
We first compute the classically weakly admissible points. The flag variety F(G,µ) is
decomposed into two Schubert cells, the class of the identity element forms the Schubert cell
for 1 whereas its open complement is the Schubert cell for s = (12). The semistable locus is
the complement of the G(F )-orbit of the closed Schubert cell.
Let I ⊂ G(B+dR) be the subgroup of elements whose image in G(C) is in the Borel
subgroup B of upper triangular matrices. Thus an element x ∈ GrG,µ(C) is classically















where U is the unipotent radical of B. If this is the case, then in particular, jx ∈
S(µ−1)dom(C) for all j, which by Lemma 4.6 implies that x is weakly admissible.
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Let λ = (−1,−3). The points of (Sλ ∩GrG,µ)(C) 6= ∅ do not satisfy the above condition,
and are thus not classically weakly admissible.
Consider now the complement of the weakly admissible locus. It is a profinite union of
G(F )-translates of the intersections of GrG,µ with Sλ′ for λ
′ ∈ {(−3,−1), (−4, 0)}. These
intersections are of dimensions 1 and 0, respectively, as can be shown by an explicit calcula-
tion. In particular, they are of dimension less than that of Sλ∩GrG,µ, which is 3. Hence there
are weakly admissible points (in Sλ∩GrG,µ(C)) which are not classically weakly admissible.
The function field analog of this example has been studied (using different methods) by
Hartl, [Har1, Ex. 3.3.2, d = 4].
5. Classical points
In this section we consider the particular properties of points defined over a finite extension
K of F̆ . These generalize well-known results (such as for example the theorem of Colmez
and Fontaine that weakly admissible implies admissible) to our setting. As an application
we determine which Newton strata have classical points.
Since we are not interested in results for a particular such field K, but rather in the set of
all classical points, we assume throughout that K is a sufficiently large finite extension of F̆
so that all relevant elements, subgroups, etc. are defined over K. We choose a split maximal
torus of G defined over K, and contained in some Borel subgroup B whose unipotent radical
we denote by U . Let {µ} be a conjugacy class of cocharacters of G.
Proposition 5.1. The Bialynicki-Birula map induces a bijection
GrG,µ(K) → F(G,µ)(K).
Proof. For G = GLn, this is shown in [FF, Prop. 10.4.4]. The Bialynicki-Birula map is
functorial. Choosing a faithful representation of G, we thus obtain that also the Bialynicki-
Birula map for G is injective on K-valued points. To show that it is surjective, let g ∈
F(G,µ)(K). Let g̃ ∈ G(K) be an inverse image under the projection G → F(G,µ). Using




with BB(x) = g. 
We now fix a basic element b ∈ G(F̆ ).
Theorem 5.2. Let x ∈ GrG,µ(K). Then the following are equivalent.
(1) x ∈ GraG,µ(K),
(2) x ∈ GrwaG,µ(K),
(3) BB(x) ∈ F(G,µ, b)ss(K).
If κG(b) = µ
♯, this is also equivalent to BB(x) ∈ F(G,µ, b)a(K), and by definition we then
have F(G,µ, b)ss(K) = F(G,µ, b)wa(K).
Lemma 5.3. Let x ∈ GrG,µ(K) and let w ∈ W be such that y = BB(x) is in the Schubert
cell for w. Then x ∈ S−µw(K).
In particular, an intersection Sλ ∩GrG,µ has classical points if and only if −λ ∈ W.µ.
Proof. We have y ∈ U(K)wPµ(K)/Pµ(K). Let ỹ be a representative in U(K)w, and x̃ the
image of ỹµ−1(ξ) in GrG(K) (using that K is a subring of B
+
dR(K)). Then by definition
x̃ ∈ S−µw(K), and x̃ is the unique preimage of y under the Bialynicki-Birula map. Thus
x = x̃ is as claimed. 
Proof of Theorem 5.2. As usual we may assume that G is adjoint and quasi-split over F ,
and that there is a standard parabolic subgroup P of G with standard Levi subgroup M and
such that b has a reduction bM to M that is superbasic in M . Replacing b by bM modifies
all relevant subspaces by left multiplication by a fixed element g ∈ G(F̆ ). Thus we assume
that b = bM from now on.
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We begin by proving the equivalence of (2) and (3). The complement of the semi-stable
locus is a profinite union of Schubert cells. More precisely, y := BB(x) is semi-stable if
and only if for every j ∈ Gb(F ), the element jy is in a Schubert cell for some w with
avM (µ
w) ≤ avG(µ
w). By Lemma 5.3 this is in turn equivalent to jx ∈ S−µw (K) for the
same w. But this is by definition the same as the condition that x is weakly admissible (the
slope vector of the reduction of Eb,jx to P being −avM (−µw) = avM (µw)).
Now we prove the equivalence of (1) and (3). For G = GLn, this is [FF, Prop. 10.5.6].
For general (adjoint) G we choose a faithful representation (ρ, V ) of G which is then also
homogenous in the sense of [DOR, 5.1]. Then an element y ∈ F(G,µ)(K) is semi-stable if
and only if ρ(x) ∈ F(GL(V ), ρ ◦ µ) is semi-stable (by [DOR, Prop. 9.5.3]). By the result
for GLn, this is equivalent to ρ(BB
−1
G (y)) = BB
−1
GL(V )(ρ(y)) being admissible. It remains
to show that an element x ∈ GrG,µ(K) is admissible for b if and only if ρ(x) is admissible
for ρ(b). Let EGb,x
∼= EGb′ for some [b





ρ(b′) . The element x
is admissible if and only if νb′ is central. A central element of N (G) is determined by its
image in π1(G)Q. Since G is adjoint, νb′ is thus central if and only if it is trivial. This is
equivalent to ρ(νb′) = νρ(b′) = 1.
The last assertion is well-known. To prove it, one reduces again to GLn, in which case
this is due to Colmez and Fontaine [CF]. 
Corollary 5.4. Gr
[b′]
G,µ,b is non-empty if and only if [b
′] ∈ B(G,µ, b). Furthermore, the
Newton stratum Gr
[b′0]
G,µ,b for the basic class [b
′
0] ∈ B(G,µ, b) has a classical point.
Proof. For minuscule µ, this is shown by Rapoport in [R, Cor. A.10]. The proof of his
statement uses as an essential step the minuscule case of Theorem 5.2 above. Using Theorem
5.2 in general, Rapoport’s argument then carries over almost literally to the non-minuscule
case (the necessary results in [DOR] making no assumption on µ). 
Theorem 5.5. Let G be a connected reductive group over F and {µ} a conjugacy class of
cocharacters of G. By µ we denote as usual the dominant representative in X∗(T ). Let
b ∈ G(F̆ ) be basic.
(1) Let [b′] ∈ B(G,µ, b). Then Gr
[b′]
G,µ,b has a classical point if and only if there is a
w ∈ W such that ν♯Mb′ = ν
♯M
b −µ
w,♯M where M is the centralizer of the Newton point
of [b′].
(2) Let [b′] ∈ B(G,µ, b). Then Gr
[b′]
G,≤µ,b has a classical point if and only if Gb has a
parabolic subgroup P such that [b′b−1]Gb has a representative in P whose image in
the Levi quotient M is basic in M .
(3) If G is quasi-split, the condition in (2) is equivalent to the condition that b has a
reduction to the centralizer of νb′ .
Remark 5.6. In particular, a non-empty Newton stratum Gr
[b′]
G,µ for minuscule µ and [b
′] ∈
B(G,µ, b) has a classical point if and only if the condition in (2) is satisfied.
Furthermore, if [b′] ∈ B(G), then GrG has a classical point x with Eb,x ∼= Eb′ if and only
if the condition in (2) is satisfied.
Example 5.7. Assume that G is quasi-split and that [b] ∈ B(G) is superbasic, i.e. no
σ-conjugate of b is contained in a proper Levi subgroup of G. Then all classical points of
GrG,µ,b are in the basic Newton stratum.
Proof. Since we always assume that κG(b
′) = κG(b) − µ
♯, each of the above conditions is
equivalent to the respective condition for the images in Gad. Thus we may assume that G
is adjoint. Furthermore, replacing G by an inner twist by some b0 we may assume also in
(1) and (2) that G is quasi-split.
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If [b′] is basic, the Newton stratum has a classical point by Corollary 5.4. Also, all of the
other conditions are satisfied. Thus the theorem holds in this case. From now on we assume
that [b′] is not basic.
In the context of (1) let x ∈ Gr
[b′]
G,µ,b(K). Since x is not admissible, it is also not weakly
admissible. Thus there is a standard parabolic subgroup P together with a reduction bM
of b to its Levi factor M such that the reduction of Eb,x to P induced by EMbM ×
M P has a
slope vector v with v  avG(v). We choose P and the reduction of b in such a way that v
becomes maximal (i.e., there is no strictly bigger v′ for any such reduction of Eb,x).
Claim. v is dominant.
Assume that v is not dominant. Since it is central in M , there is a simple root α in
the unipotent radical of P such that 〈α, v〉 < 0. Let P ′ ) P be the parabolic subgroup
corresponding to the simple roots in M together with α. Then v is anti-dominant in M ′.
Consider the reduction of Eb,x to P ′ for the same reduction bM of b. Its slope vector is
central in M ′ with the same image in π1(M
′)Q,Γ. In particular, it is strictly bigger than v,
contradiction.
By maximality of v, the modification (Eb,x)P ×P M of EMbM is weakly admissible (compare
the generalities in the proof of [CFS, Lemma 6.3]). Since x is classical, also prM (x) is
classical. Hence this modification of M -bundles is admissible. Thus (Eb,x)P is a semi-stable
P -bundle with dominant slope vector v. In particular, (Eb,x)P ×P M is a reduction of (Eb,x)P
to M , and hence a reduction of Eb,x to M . We obtain νb′ = v∗.
Let g ∈ G(F̆ ) with bM = g−1bσ(g). Replacing x by g−1x (which is still classical) we may
assume that b = bM and that the reduction of b = bM to bM is the identity. Let λ ∈ X∗(T )
be such that x ∈ Sλ(C). By Lemma 5.3, −λ = µw for some w ∈ W . We also have a
reduction of b′ to the centralizer of its Newton point, that we denote again by b′. Then by
Lemma 3.11, we obtain ν♯Mb′ = κM (b
′) = κM (bM ) + w0(λ)
♯M = ν♯Mb − µ
w0w,♯M .




M is the centralizer of the Newton point of [b′]. We first show that b has a reduction
to M . Again we may assume that b′ ∈ M(F̆ ). Let b̃M ∈ M(F̆ ) be basic in M with
κM (b̃M ) = κM (b
′)+µw,♯M . Then the M -dominant Newton point νb̃M is the unique element
that is central in M and with ν♯M
b̃M
= ν♯Mb′ + µ
w,♯M . Thus by our assumption, b̃M is the
desired reduction of b to M . By Corollary 5.4, the basic locus for modifications of EMbM in
GrM,µw
dom
⊆ GrG,µ has classical points, and the corresponding basic class has Kottwitz point
κM (bM )− µw,♯M = κM (b′). Hence it is equal to [b′]M , which finishes the proof of (1).
(3) holds since parabolic subgroups of G containing b (and thus stable under bσ) are in
bijection with parabolic subgroups of Gb. Thus for (2), it remains to show that for quasi-split





G,≤µ,b has a classical point, then the same holds for Gr
[b′]
G,µ′,b for some µ
′ ≤ µ.
From the proof of (1) we see that this implies that [b] has a reduction to M , which proves
one direction. Conversely, assume that bM is contained in the centralizer of νb′ , and that
[b′] ∈ B(G,µ, b). Using (1) it is enough to show that there is a µ′ ≤ µ and a w ∈ W with
κM (b
′) = κM (bM ) − (µ
′)w,♯M . For the proof of this assertion we pass to the inner form
Gb of G, and may thus assume that b = 1. Then G is in general no longer quasi-split,
but by our asumption on b, the centralizer M of the Newton point νb′ and the associated
parabolic subgroup P are still defined over F . We may assume that b′ ∈ M(F̆ ). We
now have [b′] ∈ B(G,µ). By [He, Thm. A], this implies that there is a g ∈ G(BdR) with
g−1b′σ(g) ∈ G(B+dR)µ(ξ)G(B
+
dR). We use the Iwasawa decomposition to write g = mnk
with m ∈ M(BdR), n ∈ N(BdR) where N is the unipotent radical of P , and k ∈ G(B
+
dR).
We may assume that k = 1. Then g−1b′σ(g) ∈ P (BdR) ∩ GrG,µ(C). Let b̃ = m−1b′σ(m).
We have g−1b′σ(g) = n−1m−1b′σ(mn) = n−1[b̃σ(n)b̃−1]b̃ with n−1[b̃σ(n)b̃−1] ∈ N(BdR).
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Thus b̃ = m−1b′σ(m) is the retraction of g−1b′σ(g) to M , and as such lies in GrG,≤µ. Let
µ0 ∈ X∗(T ) be such that b̃ ∈ GrM,µ0(C). Since b̃ ∈ [b
′]M , this implies [b
′]M ∈ B(M,µ0).
Furthermore, µ0,dom ≤ µ, and (−µ0)♯M = κM (b̃) = κM (b′). Thus µ0 has all required
properties of (µ′)w. 
Remark 5.8. From the first part of the proof we also obtain the interesting fact that for
classical points, the Newton point of Eb,x is v∗ where v is a maximal element in the set of
slope vectors of reductions of Eb,x to parabolic subgroups P induced by EMbM ×
M P for some
reduction bM of b to M .
6. The topology of BunG
6.1. The generic Newton stratum in a semi-infinite cell.
Lemma 6.1. Assume that G is quasi-split and let λ ∈ X∗(T ). Then the set
B(G,≥ w0(λ)) := {[b
′] ∈ B(G) | κG(b
′) = λ♯, w0(λ)
⋄ ≤ νb′}
has a unique minimal element that we denote [b(λ)]. We have [b(λ)] ≤ [λ(ξ)].
· · · · · · · ·
· · · · · · · ·
· · · · · · · ·















Figure 1. An example of w0(λ) and νb(λ) for GL7
See Figure 1 for an example of some νb and w0(λ) for the minimal λ with ν = νb(λ).
Note that the inequality in the definition of B(G,≥ w0(λ)) compares the Newton point
to a not necessarily dominant element, whereas the inequality [b(λ)] ≤ [λ(ξ)] includes a
comparison between the associated dominant Newton points νb(λ) and (λ
⋄)dom.
Proof. The element w0(λ) defines an edge subset in the sense of [Cha, 6], and [b(λ)] is the
join of the induced reduced edge subset, compare [Cha, Thm. 6.5]. The second assertion
follows from [λ(ξ)] ∈ B(G,≥ w0(λ)). 
Lemma 6.2. Let [b] ∈ B(G), and let M be the centralizer of its Newton point. Let
λ ∈ X∗(T ). Let b be a representative of [b] in M whose M -dominant Newton point is
G-dominant.
(1) Then [b(λ)] = [b] if and only if κM (b) = w0(λ)
♯M and w0(λ
⋄) ≤ νb.
(2) Let M ′ ⊆ M such that [b]M has a reduction bM ′ to M ′ which is superbasic in M ′.
If λ is minimal with [b(λ)] = [b] then κM ′(bM ′) = w0(λ)
♯M′ .
Proof. The first assertion is a reformulation of the last assertion of [Cha, Thm. 6.5].
For (2) assume that [b(λ)] = [b] and that λ is minimal with this property. Assume the
assertion does not hold. Then there is a maximal standard parabolic subgroup P0 containing
M ′, with Levi factor M0 such that κM0(bM ′) > w0(λ)
♯M0 . Let α be a simple absolute root
which is not in M ′. Then κM0(bM ′) ≥ (w0(λ)−α
∨)♯M0 . This implies (w0(λ)−α∨)⋄ ≤ νbM′ ,
contradicting the minimality of λ. 
It is easy to see that for every [b] ∈ B(G), there is some (in general non-unique) λ ∈ X∗(T )
satisfying these conditions.
Lemma 6.3. Assume that G is quasi-split. Let [b′] ∈ B(G) with E1,x ∼= Eb′ for some
x ∈ Sλ(C). Then [b′] ∈ B(G,≥ w0(λ)).
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Proof. By construction we have κG(b
′) = κG(1)+λ
♯G . Let EB1 be the trivial B-bundle on X .
It induces a reduction of E1,x to B. By Lemma 3.11, the slope vector of this reduction agrees
with −λ⋄. By the comparison theorem for the Harder-Narasimhan reduction we obtain that
νb′ ≥ w0(λ
⋄). 
Let λ ∈ X∗(T ). For each η ∈ X∗(T )dom let Sλ,η be as in Section 2.2. Let µ be such that
Sλ,η ⊆ GrG,≤µ and for [b′] ∈ B(G) let S
[b′]
λ,η = Sλ,η ∩ Gr
[b′]
G,≤µ,1, a locally spatial diamond.
Since we use these only for modifications of the trivial bundle, we do not include b = 1 in
the notation.
Theorem 6.4. Let G be quasi-split. We consider modifications of the trivial G-bundle E1.
Let [b′] ∈ B(G) and let λ ∈ X∗(T ) be minimal with the property that [b(λ)] = [b′]. Then for
all sufficiently regular η ∈ X∗(T )dom, the Newton stratum S
[b(λ)]
λ,η is open and dense in Sλ,η.
In particular, it is also open and dense in Sλ.
Proof. The last assertion follows from (2.3).
By Lemma 6.3, [b(λ)] is less or equal to all isomorphism classes ofG-bundles corresponding
to points of Sλ. Thus the semi-continuity theorem of Scholze-Weinstein [SW, Cor. 22.5.1]
implies that the Newton stratum for [b(λ)] in Sλ,η is open for every η.
By Proposition 2.4 it is enough to show that the complement of S
[b(λ)]
λ,η in Sλ,η has dimen-
sion strictly smaller than 〈2ρ, η〉. Let P be a standard parabolic subgroup of G with standard
Levi factor M , and such that [b(λ)] has a reduction bM to M which is superbasic in M and
whose M -dominant Newton point is w0(νb(λ)). By Lemma 6.2 (applied to w0bMw
−1
0 ) we
have κM (bM ) = λ
♯M . Assume that x ∈ Sλ,η(C) is such that (E1,x)P ×P M has M -dominant
Newton point νbM , where (E1,x)P is the reduction induced by the reduction E
P
1 of E1. Then
the Harder-Narasimhan polygon of this semi-stable M -bundle is −νbM = ν
∗
b(λ) (central in
M), and in particular G-dominant. Hence this M -bundle is a reduction of (E1,x)P and also
of E1,x, in other words, the reduction (E1,x)P is split. In particular, x is then in the Newton
stratum for [b(λ)]. By Lemma 3.10, (E1,x)P ×P M ∼= EM1,prM (x).







has dimension strictly smaller than 〈2ρM , η〉.
If this claim holds, then the complement of the inverse image of this Newton stratum




λ,η has dimension strictly smaller than 〈2ρ, η〉. By the
above considerations, it contains the complement of S
G,[b(λ)]
λ,η . Thus it is enough to prove
the above claim. Replacing G by M it is thus enough to show the theorem for the case that
G = M , that [b(λ)] is superbasic and that λ⋄ ≥ νb(λ) = avG(λ).
We use induction on the semisimple rank of G. If the semisimple rank is 0, then every
point is basic, thus the assertion holds. Assume that the semisimple rank is positive. Let
P be a maximal standard parabolic subgroup of G (and M its standard Levi subgroup)
such that avM (λ) ≥ avG(λ) = νb(λ) is minimal among these vectors. For an example of
λ ≥ avM (λ) ≥ νb(λ) for G = GL7 and M = GL5 ×GL2 see Figure 2.
Since b(λ) is superbasic, we have ν♯Mb(λ)  avM (λ). Indeed, otherwise the basic class in
B(M) with image λ♯M in π1(M)Γ would be a reduction of [b(λ)] to M .
Claim 2. There is no [b′] ∈ B(G) with κG(b′) = λ♯G and νb(λ)  νb′  avM (λ).
Assume that [b′] is a class violating the claim. Then [b′] is not basic. Let M ′ be the
centralizer of its Newton point. Then κM ′(b
′)  λ♯M′ , and by minimality of λ, we have
equality. In other words, νb′ = avM ′(λ). Let M
′′ be a maximal standard Levi subgroup
containing M ′ and such that avM ′′ (λ) 6= avG(λ). Replacing b′ by the basic class [b′′] of
B(M ′′) with κM ′′(b
′′) = λ♯M′′ we have νb′′ ≤ νb′ non-basic. Thus we may assume that M ′
19
· · · · · · · ·
· · · · · · · ·
· · · · · · · ·
· · · · · · · ·







































































Figure 2. The minimal λ and avM (λ) for b
′ of Newton slope 47
is maximal. But then the condition νb′ = avM ′(λ)  avM (λ) violates our choice of P and
M above, which proves the claim.
The reduction EP1 induces for every x ∈ Sλ,η(C) a reduction (E1,x)P . By Lemma 3.11, its
slope vector is v = avM (−λ). We assume that x is not in the basic Newton stratum.
We distinguish two cases and first consider those x where (E1,x)P ×P M is a non-semi-
stable M -bundle. Using the Iwasawa decomposition we write x as λ(ξ)mnG(B+dR)/G(B
+
dR)
for m ∈ M(BdR) and n ∈ N(BdR) where N is the unipotent radical of P . Then our
condition is that λ(ξ)mM(B+dR)/M(B
+
dR) is in the complement of the basic locus in S
M
λ,η.
By induction, this is closed and of dimension less than 〈2ρM , η〉. Thus the subspace of x
such that (E1,x)P ×P M is not semi-stable is the inverse image under prM of a subspace of
dimension less than 〈2ρM , η〉, and hence it is of dimension less that 〈2ρ, η〉.
It remains to consider the locus where (E1,x)P ×P M is semi-stable. In other words, we
consider the intersection of complement of the basic Newton stratum of Sλ,η with the inverse
image under prM of the M -basic Newton stratum in S
M
λ,η. By [Che, Cor. 2.9] the Newton
point νb(λ) of E1,x is less or equal to that of ((E1,x)P ×
P M) ×M G, which is (−v)dom =
(avM (λ))dom = avM (λ). By Claim 2, this implies that the Newton point of E1,x is (−v)dom,
hence (E1,x)P is split. Furthermore, we assumed this Newton point to be non-basic. Thus,





For sufficiently regular η, this is indeed a subspace of strictly smaller dimension. 
Remark 6.5. It would be interesting to know if the conclusion also holds for other λ, or
to compute generic Newton points also for modifications of other G-bundles. However, the
present result is all we need for Theorem 6.6 below.
6.2. Closures of Newton strata. Recall from [F] that we have a bijection between B(G)
and the points of |BunG|.
Theorem 6.6. Let [b′], [b′′] ∈ B(G). Then [b′′] ∈ {[b′]} in |BunG| if and only if [b′] ≤ [b′′]
with respect to the partial order on B(G).
Proof. By Section 3.2 we may assume that G is quasi-split.
One direction is already known: if [b′′] ∈ {[b′]}, the semi-continuity properties of Kedlaya-
Liu [KL, Thm. 7.4.5] and Scholze-Weinstein [SW, Cor. 22.5.1] yield νb′ ≤ νb′′ . Local con-
stancy of the Kottwitz point as in [FS, Thm. II.1.3] then proves that [b′] ≤ [b′′].
Assume conversely that [b′] < [b′′]. We want to show that [b′′] ∈ {[b′]}. Using induction
we may assume that there is no [b̃] ∈ B(G) with [b′] < [b̃] < [b′′]. By [Cha, Thm. 7.4(ii)],
this implies that there is a unique element of the reduced edge subset of [b′′] that is not
contained in the reduced edge subset of [b′]. Let α be the associated simple relative root of
G, let α0 be a corresponding simple absolute root and β0 = w0(α0), a negative root.
Let λ′ ∈ X∗(T ) be a minimal element satisfying [b(λ′)] = [b′]. Note that λ′ can also be
obtained as the w0-conjugate of one of the elements of X∗(T ) corresponding to the element
λ ∈ X∗(T̂ )Γ constructed in [HV, Lemma/Def. 2.1]. In particular, all such λ′ have the same
value of 〈ρ, λ′〉. Let λ′′ = λ′ + β∨0 . Then the reduced edge subset of w0(λ
′′) contains one
new edge, corresponding to the simple root α. By minimality of λ′ and our choice of α,
the reduced edge subset of w0(λ
′′) coincides with that of [b′′], which implies [b(λ′′)] = [b′′].
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Furthermore, we have λ′′ < λ′. From the description of 〈ρ, λ′′〉 in terms of the associated
element λ ∈ X∗(T̂ )Γ we obtain that for every minimal λ̃ ∈ X∗(T ) with [b(λ̃)] = [b′′] we
have 〈ρ, λ̃〉 = 〈ρ, λ′〉 − 1. Indeed, the element λ = λb′′ is defined by the condition that
the pairings with the fundamental weights are the minimal integers greater or equal to the
corresponding pairing for νb′′ , and similarly for b
′. These integers coincide (for b′′ resp. b′)
for all fundamental weights except for the one corresopnding to α, where they differ by 1.
Hence λ′′ is minimal with [b(λ′′)] = [b′′].
By the closure relations for semi-infinite cells, see [Sh, Prop. 6.12], we have Sλ′′ ⊆ Sλ′ .
By Theorem 6.4, the image of Sλ′ in BunG lies in the closure of {Eb′}, and the image of Sλ′′
contains {Eb′′}. The theorem follows. 
We end this section by applying Theorem 6.6 to study closures of Newton strata in affine
Schubert cells. Let {µ} be a conjugacy class of cocharacters of G and let b ∈ G(F̆ ) be basic.
Recall that for [b′] ∈ B(G) we denote by Gr
[b′]
G,µ,b the Newton stratum for [b
′] in the affine
Schubert cell for µ (using modifications of Eb).









Proof. The proof of [Han2, Prop. 2.11] shows that Gr
[b′]
G,µ,b is a union of those Newton strata
corresponding to [b′′] with Eb′′ ∈ {Eb′}. (In [Han2, Prop. 2.11] this statement is shown for
µ minuscule and [b] = [1], but the present more general statement is shown by the same
argument.) Then the corollary follows from Theorem 6.6. 
7. Newton strata in the weakly admissible locus
In this section, we always fix a geometric conjugacy class {µ} of cocharacters Gm → GF .
By µ we denote the representative in X∗(T )dom.
Furthermore, we fix a basic element b ∈ G(F̆ ).
7.1. The Hodge-Newton decomposition for modifications of G-bundles. The fol-
lowing is a variant of the definition of Hodge-Newton-decomposability from [Che, Def. 3.1].
It requires a little bit more than the notion of HN-reducibility in [RV, Def. 4.28].
Definition 7.1. (1) Let [b′] ∈ B(G) and δ ∈ X∗(A)Q,dom with νb′ ≤ δ. Then (G, [b
′], δ)
is Hodge-Newton decomposable if there is a proper standard Levi subgroup M of
the quasi-split inner form H of G containing the centralizer of νb′ and such that
δ⋄ − ν′b ∈ 〈Φ
∨
0,M 〉Q. Otherwise, the triple is called Hodge-Newton indecomposable.
(2) Let µ ∈ X∗(T )dom and [b] ∈ B(G) basic. Then [b′] ∈ B(G,µ, b) is Hodge-Newton
decomposable if the triple (G, [b′], νb(µ
−1,⋄)dom) is Hodge-Newton decomposable.
Otherwise, [b′] is called Hodge-Newton indecomposable.
Example 7.2. The basic element of B(G,µ, b) is Hodge-Newton indecomposable. In par-
ticular, every set B(G,µ, b) contains a Hodge-Newton indecomposable element.
Remark 7.3. Let [b′] ∈ B(G) and δ ∈ X∗(A)Q,dom with νb′ ≤ δ. Then (G, [b′], δ) is Hodge-
Newton decomposable if and only if (Gad, [b
′
ad], δad) is Hodge-Newton decomposable, and
analogously for µ ∈ X∗(T )dom, a basic element [b] ∈ B(G) and [b
′] ∈ B(G,µ, b).





) is Hodge-Newton indecomposable. Similarly, [b′] ∈ B(G,µ, b) is Hodge-
Newton indecomposable if and only if [b′b−10 ] ∈ B(Gb0 , µ, bb
−1
0 ) is Hodge-Newton indecom-
posable.
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Lemma 7.4. Assume that Gad is simple and that [b
′] ∈ B(G) is not basic. Let δ ∈
X∗(A)Q,dom with νb′ ≤ δ. Then [b′] is Hodge-Newton decomposable if and only if there
is a proper standard Levi subgroup M of the quasi-split inner form H of G such that
δ − νb′ ∈ 〈Φ
∨
0,M 〉Q.
Proof. If [b′] is Hodge-Newton decomposable, the condition is automatically satisfied. As-
sume conversely that [b′] satisfies the condition for someM . We may chooseM to be minimal
with this condition. Then ∆′ = ∆0,M is a proper subset of ∆0 with δ − νb′ ∈ 〈∆′〉Q. If ∆′
is empty, then δ = νb′ , in particular [b
′] satisfies the definition of Hodge-Newton decompos-
ability (for the centralizer of νb′). Assume that this is not the case. Let α ∈ ∆0 \∆′ be such
that one of its neighbors in the Dynkin diagram is contained in ∆′. We write δ − νb′ as a
non-negative linear combination of positive coroots with coefficients cβ for β ∈ Φ+ ∩ 〈∆′〉Q.
We have 〈α, νb′〉 = 〈α, δ〉 − 〈α, δ− νb′〉. Since δ is dominant, the first summand on the right
hand side is non-negative. The pairing 〈α, δ − νb′〉 is negative since it is a linear combina-
tion of the 〈α, β∨〉 for all neighbors β of α in the Dynkin diagram with coefficients cβ ≥ 0,
and at least one of the cβ is non-zero. Thus 〈α, νb′〉 > 0, and the maximal standard Levi
subgroup of G corresponding to α contains the centralizer of νb′ , and also M . In particular,
[b′] satisfies the condition for Hodge-Newton decomposability for this subgroup. 
We assume for the next lemma that G is quasi-split, and fix a maximal split torus A and
a Borel subgroup containing its centralizer. Let [b1], [b2] ∈ B(G) with κG(b1) = κG(b2). By
[Cha, Thm. 6.5], the join of [b1], [b2] in B(G) with respect to ≤ exists, i.e. there is a unique
minimal element in N (G) which is greater or equal to [b1] and [b2].
Lemma 7.5. Let G be quasi-split. Let [b1], [b2] ∈ B(G) and δ ∈ X∗(A)Q,dom with κG(b1) =
κG(b2) and [b1], [b2] ∈ B(G) with νb1 , νb2 ≤ δ two Hodge-Newton indecomposable classes. Let
[b′] be the join of [b1], [b2]. Then [b
′] is also Hodge-Newton indecomposable.
Proof. Since νb1 ≤ δ and νb2 ≤ δ, we have νb′ ≤ δ. Assume that [b
′] is Hodge-Newton
decomposable. Thus there is an α ∈ ∆0 with 〈α, νb′ 〉 > 0 such that
(7.1) 〈ω̃α, δ − νb′〉 = 0.
In the language of [Cha, 6], 〈α0, νb′〉 > 0 for some αi ∈ ∆0 means that αi corresponds
to an element of the reduced edge subset of [b′], which is by [Cha, Thm. 6.5] a subset of
the union of the reduced edge subsets of [b1] and [b2]. In particular, we have for these αi
that 〈ωi, νb′〉 = 〈ωi, νbj 〉 and 〈αi, νbj 〉 for some j ∈ {1, 2}. Together with (7.1) this is a
contradiction to the Hodge-Newton indecomposability of [bj ]. 
Corollary 7.6. The set B(G,µ, b) contains a unique maximal Hodge-Newton indecompos-
able element.
Proof. By Remark 7.3 we may replace G by a quasi-split inner form of its adjoint group
and thus assume that G is quasi-split. Let [bmax] be the join of the finite, non-empty set
of Hodge-Newton indecomposable elements of B(G,µ, b). By Lemma 7.5, [bmax] is Hodge-
Newton indecomposable. 
Lemma 7.7. Assume that G is quasi-split. Let µ ∈ X∗(T )dom and let [b] ∈ B(G) be
basic. Let [b′] ∈ B(G,µ, b). Assume that M is a proper standard Levi subgroup of G
such that there is a reduction [b′M ]M of [b
′] to M with M -dominant Newton point νb′ and
νb + (−µ⋄)dom − νb′ ∈ 〈Φ∨0,M 〉Q. Then there is a reduction [bM ]M of [b] to M such that
[b′M ]M ∈ B(M,w0,Mw0µ, bM ).
This applies in particular to all Hodge-Newton decomposable [b′] ∈ B(G,µ, b) and all
proper Levi subgroups M of G containing the centralizer of νb′ such that νb+(−µ⋄)dom−νb′ ∈
〈Φ∨0,M 〉Q.
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′) = κG(b)− µ♯, we have κG(b̃) = κG(b) ∈ π1(G)Γ. From ν
♯M
b′M
= (νb + (µ
−1)dom)
♯M we
obtain ν♯Mb = ν
♯M
b′M
− (µ−1)♯Mdom = ν
♯M
b̃
in π1(M)Γ,Q. Since the kernel of π1(M)Γ → π1(G)Γ is
torsion free, this implies κM (b) = κM (b̃) ∈ π1(M)Γ. Hence the two basic classes agree and
[b̃]M is a reduction of [b] to M .
It remains to prove that [b′M ]M ∈ B(M,w0,Mw0µ, bM ). By the previous step we have
κM (b
′
M ) = κM (bM ) + (−µ)
♯M
dom. By assumption νb′M = νb′ ≤G νb(µ
−1,⋄)dom and both
sides have the same image in π1(M)Γ,Q. Hence, their difference is a non-negative linear
combination of positive coroots of M , and νb′M ≤M νb(µ
−1,⋄)dom.
The second assertion follows since every [b′] ∈ B(G) has a reduction to the centralizer of
its Newton point. 
Proposition 7.8 (Hodge-Newton decomposition for modifications of G-bundles). Let µ ∈
X∗(T )dom and let b ∈ G(F̆ ) be basic. Let M be a standard Levi subgroup of G such that
there are reductions [b′M ]M and [bM ]M of [b
′] and [b] to M whose M -dominant Newton
points coincide with the G-dominant Newton points νb′ resp. νb assume that [b
′
M ]M ∈
B(M,w0,Mw0µ, bM ). Let M
∗ = w0M , b′M∗ =
w0b′M , and bM∗ =
w0bM be the conjugates







induced by the inclusion M∗ →֒ G is surjective.
For the proof we need the following general group-theoretic lemma, which is also part of
Kottwitz’s proof of the classical Hodge-Newton decomposition for groups in [K3]. We will
apply it to L = BdR(C).
Lemma 7.9. Let G be an unramified reductive group over a complete discretely valued field
L with valuation ring OL and uniformizer t. Let T be an unramified maximal torus and let
B be a Borel subgroup of G containing the centralizer of T . Let µ ∈ X∗(T )dom. Let U be the
unipotent radical of B. Let K be a hyperspecial maximal subgroup of G. Let P be a standard
parabolic subgroup of G with Levi factor M . Let UM and KM be the induced subgroups of
M .
Let λ ∈ X∗(T ) with λ♯M = w0(µ)♯M ∈ π1(M)Γ. Then
U(L)λ(t)K ∩Kµ(t)K ⊆ KMw0(µ)(t)K.
Proof. The left hand side is empty unless λdom ≤ µ, so we assume this. By [K3, Lemma 4.2],
the two conditions on λ and µ imply that λ and µ have the same image in π1(M) (without
taking Galois-coinvariants). Then by [K3, Lemma 2.2] and its proof (which is still valid for
unramified groups although the lemma is only stated for split groups), the above assertion
follows. 
Proof of Proposition 7.8. Let P ∗ be the standard parabolic subgroup of G with Levi factor
M∗. Let x ∈ Gr
[b′]
G,µ,b(C). Let (Eb,x)P∗ = Eb′M∗ ×
M∗ P ∗ be the reduction to P ∗ induced by
the reduction b′M∗ of [b
′] to M∗. Then by (3.2), this induces a reduction (Eb)P∗ of Eb to P ∗.
Let v be the associated slope vector. Then since Eb is semi-stable v ≤ −νb.
Let λ ∈ X∗(T ) with x ∈ Sλ(C). Non-emptiness of Sλ ∩ GrG,µ implies that w0(λ) ≤
w0(−µ), hence −λ ≤ µ. By Lemma 3.10, (Eb,x)P∗ ×P
∗
M∗ ∼= ((Eb)P∗ ×P
∗






−1)♯Mdom, we obtain by w0-conjugation and multiplication by −1 that
−ν♯M∗b + µ





) = c1((Eb)P∗ ×
P∗ M∗)− λ♯M∗ = (v − λ)♯M∗ .
Since v ≤ −νb and λ ≤ −µ, this implies v♯M∗ = ν
♯M∗
b and λ
♯M∗ = −µ♯M∗ .
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The first of these equalities means that (Eb)P∗ is split, hence (Eb)P∗ ×P
∗
M∗ is isomorphic
to Ew0(bM ). Since λ
♯M∗ = −µ♯M∗ (and −µ is anti-dominant), we can apply Lemma 7.9
(using an isomorphism B+dR(C)





Notice that the assumptions of this proposition are slightly weaker than requiring that
[b′] has to be Hodge-Newton decomposable (or Hodge-Newton decomposable for the Levi
subgroup M) since we replace the assumption that M contains the centralizer of νb′ by the
assumption on existence of a reduction of [b′] to M .
Proof of Theorem 1.3, (1)⇒(2). Let [b′] ∈ B(G,µ, b) be Hodge-Newton decomposable, and
let x ∈ Gr
[b′]
G,µ,b(C). We want to show that x is not weakly admissible. As usual, we may
assume that G is adjoint and quasi-split. LetM ⊂ G be as in the definition of Hodge-Newton
decomposability. Let bM be a reduction of b to M as in Lemma 7.7. We use the notation
of Proposition 7.8. Let x′ ∈ Gr
[b′M∗ ]M∗
M∗,µ,w0(bM )
(C) map to x under the surjection of Proposition











. In particular, the slope vector
of this reduction is avM∗(−νb + µ)  avG(−νb + µ). Thus the modification is not weakly
admissible. 
7.2. Newton strata in the weakly admissible locus. From the comparisons of Newton
strata in Section 3.2 together with Lemma 4.2 we obtain
Corollary 7.10. Let µ ∈ X∗(T )dom and b ∈ G(F̆ ). Let [b′] ∈ B(G,µ, b).
(1) Then GrwaG,µ,b ∩ Gr
[b′]





















The main step in the proof of the second implication in Theorem 1.3 is the following
particular case.
Theorem 7.11. Let [b′] ∈ B(G,µ, b) be the unique maximal Hodge-Newton indecomposable
element. Then GrwaG,µ,b ∩Gr
[b′]
G,µ,b 6= ∅.
We first use this theorem to finish the proof of Theorem 1.3.
Proof of Theorem 1.3, (2)⇒(1). Assume that [b0] ∈ B(G,µ, b) is Hodge-Newton indecom-
posable and that Gr
[b0]
G,µ,b does not intersect the weakly admissible locus. Then Gr
[b0]
G,µ,b is
contained in its closed complement, and thus the same holds for Gr
[b0]
G,µ,b where we take the
closure within the affine Schubert cell for µ. However, [b0] ≤ [bmax] where [bmax] is the max-





contained in the complement of GrwaG,µ,b, contradicting Theorem 7.11. 
Proof of Theorem 7.11. By Corollary 7.10 we may replace G by the quasi-split inner form
of its adjoint group, and also consider each simple factor separately. Thus from now on we
assume that G is adjoint, simple, and quasi-split. We subdivide the proof into several steps.
Step 1. Let C be a complete algebraically closed field extension of F . As first step we show
that for every x ∈ Gr
[b′]
G,µ,b(C) that is not weakly admissible, there is a proper standard
parabolic subgroup P (depending on the point x), and a reduction bM of b to its standard
Levi subgroup M such that for the associated reduction (Eb,x)P we have
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(1) (Eb,x)P is split,
(2) the slope vector of (Eb,x)P is non-basic and dominant.
Remark 7.12. In the above context let [b′M ] ∈ B(M) be such that (Eb,x)P ×
P M ≃ EMb′M
.
Then (1) is equivalent to [b′M ]G = [b
′]. We do not require the (M -dominant) Newton point of
[b′M ]M to be G-dominant, but just the slope vector as in (2), i.e. avM (−νb′M ), is G-dominant.
Assume that x ∈ Gr
[b′]
G,µ,b(C) is not weakly admissible. Then there is a standard parabolic
subgroup P (depending on the point x), a reduction bM of b to its standard Levi subgroup
M and χ ∈ X∗(P/ZG)dom such that the associated slope vector satisfies vx  avG(vx). We
let P and (Eb,x)P be such that vx ∈ N (G) is maximal (for the partial order ≤) among the
possible elements for the given point x. Then vx is non-basic and the same argument as for
the claim in the proof of Theorem 5.5 shows that vx is dominant.
Again, we write M∗ = w0(M), and similarly for other Levi subgroups, and let νx,P =
v∗x = w0(−vx), an element which is central in M
∗. Then also νx,P is G-dominant.
Replacing P by a larger parabolic subgroup we may assume that 〈α, νx,P 〉 > 0 for all α
which are not in M∗.
Let HN(Eb,x,M) be the Harder-Narasimhan polygon of Eb,x,M = (Eb,x)P ×P M . Let
νM = w0(−HN(Eb,x,M)) and νM,G = (νM )G−dom. Then νM,G coincides with the Newton
polygon of (Eb,x,M )×M G.
Claim 1. νb′ ≤ νM,G ≤ νb(µ−1)⋄dom.
The first inequality follows from [Che, Cor. 2.9]. Using the Iwasawa decomposition we
have a representative of x of the form mn for m ∈ M(BdR) and n ∈ N(BdR). Since m is the
retraction of x to M , we have m ∈ GrM,µ1(C) for some M -dominant µ1 with µ1,dom ≤ µ.
By Lemma 3.10, Eb,x,M = (Eb,x)P ×P M = EbM ,m.
Thus νM ≤M∗ νb(w0(µ
−1
1 ))
⋄ where ≤M∗ denotes the partial order associated with the
group M∗. By [V, Thm. 5.2 (1)], the G-dominant representatives of these two elements are
then related by ≤. This proves Claim 1.
Hence Eb,x,M ×M G = Eb′′ for some [b′′] ∈ B(G,µ, b) with νb′′ = νM,G and [b′] ≤ [b′′]. By
the maximality of [b′], either [b′] = [b′′] or [b′′] is Hodge-Newton decomposable.
Claim 2. If [b′′] is Hodge-Newton decomposable, then also (M∗, νb(w0(µ
−1
1 ))
⋄, νM ) is Hodge-
Newton decomposable.
We write ζ1 = νb(w0(µ
−1
1 ))
⋄ and ζ = νb(µ
−1,⋄)dom. Then ζ1 = w(ζ
′) for some w ∈ W
and ζ′ ≤ ζ dominant. Since ζ1 is M∗-dominant and ζ′ is G-dominant, we may choose
w ∈ M
∗




W . Since [b′′] is Hodge-Newton decomposable, there is a standard Levi subgroup L
of G containing the centralizer of νM,G and such that (νM,G)
♯L = ζ♯L . We have νM ≤M∗ ζ1.
Thus w′ ∈ M
∗
W implies that νM,G ≤ (w′)−1(ζ1) = (w′)−1w(ζ′). In particular, (ζ′)♯L ≤
ζ♯L = (νM,G)
♯L ≤ ((w′)−1w(ζ′))♯L where the partial order on π1(L)Γ,Q is induced by the
one on X∗(A)Q. Thus by Lemma 7.14 (for M1 the centralizer of ζ
′ and M2 = L) we have
(w′)−1w ∈ WLWζ′ , and
(7.2) (ζ′)♯L = ζ♯L = (νM,G)
♯L = ((w′)−1w(ζ′))♯L .





w′L is the image of L under conjugation
by w′. Since w′ ∈ M
∗
W , and L is a standard Levi subgroup, w
′
L ∩M∗ is also a standard
Levi subgroup. The subgroup L contains the stabilizer of νM,G, hence
w′L ∩M∗ contains
the stabilizer of νM in M
∗.
To show that the Levi subgroup w
′
L ∩ M∗ is as in the definition of Hodge-Newton de-
composability for (M∗, νb(w0(µ
−1
1 ))
⋄, νM ), it remains to show that it is a proper subgroup














where we identify π1(L)Γ,Q and π1(
w′L)Γ,Q via conjugation by w
′. Since νx,P is dominant,
we have ν♯Lx,P ≥ ((w
′)−1(νx,P ))
♯L = (νx,P )
♯w′L . On the other hand, Lemma 7.4 together




This finishes the proof of Claim 2.
Assume that [b′′] is Hodge-Newton decomposable. From the Hodge-Newton decompo-
sition (Prop. 7.8) for M we obtain a standard parabolic subgroup P̃ of M together with
a reduction of [bM ] to its standard Levi subgroup M̃ , and a reduction Eb,x,P̃ of Eb,x,M to
P̃ induced by the reduction of Eb to P̃ via (3.2). By [CFS, Proof of Lemma 6.3], Eb,x,P̃
corresponds to a reduction of Eb,x to P̃B, which has the same slope vector ṽ as Eb,x,P̃ . It
satisfies vx  ṽ. This contradicts the maximality of vx.
Thus [b′′] cannot be Hodge-Newton decomposable, and we have [b′] = [b′′]. Then Eb,x,M
is a reduction of Eb,x to M . This finishes the proof of Step 1.
Fix a proper parabolic subgroup P of G together with reductions bM and b
′
M of b and b
′ to
M such that avM (νb′M ) is G-dominant and non-basic. Consider the subset Z of Gr
[b′]
G,µ,b(C)
of x such that for the associated reduction (Eb,x)P we have (Eb,x)P ×P M ≃ EM,b′M . Let
g be the element describing the reduction bM of b. Then x ∈ Z(C) if and only if the
following condition holds. Let g−1x ∈ Sλ(C) for some λ. Then g−1x ∈ GrG,µ implies
λdom ≤ (−µ)dom. Furthermore, from the computation of the slope vector in Lemma 3.11





Thus Z can be described as the intersection of Gr
[b′]
G,µ,b with the union of the translates of all




prM . In particular, it is a locally spatial diamond.
By Step 1, the complement of the weakly admissible locus in Gr
[b′]
G,µ,b is a profinite union
over all Z for all possible choices of P (finitely many), reductions bM (parametrized by
Gb(F )/Pb(F )), and reductions b
′
M as above.























The basic Newton stratum Gr
[b]
G,µ−1,b′ is open in GrG,µ−1 and hence of dimension 〈2ρ, µ〉.
For each of the pro-finitely many subspaces Z we consider πdR(π
−1
HT (Z)). It is enough to
show the following claim.
Claim 3. Any such πdR(π
−1
HT (Z)) defines a subset which is a locally spacial diamond of
dimension strictly less than dimGr
[b]
G,µ−1,b′ = 〈2ρ, µ〉.
Fix some Z. Replacing b by a σ-conjugate, we may assume that b = bM ∈ M(F̆ ). Let
M ′ ⊆ M be the centrlaizer of the M -dominant Newton point of b′M . Replacing b
′
M by an
M −σ-conjugate, we may assume that b′M ∈ M
′(F̆ ). It also induces a reduction of Eb′ to P .
Let z ∈ π−1HT(x). Then z corresponds to a modification between E1 and Eb′ such that
there is a reduction E ′P,z of Eb′ to P which by Proposition 3.5 is isomorphic to Eb′,P and such
that the modification is compatible with E ′P,z and the parabolic reduction E
P
1 . Still by the
same proposition, we can compose the modification with an automorphism of Eb′ (unique
up to automorphisms of Eb′,P ) to obtain a modification z′ between EP1 and Eb′,P . Let λ
′
be such that πdR(z
′) is contained in the semi-infinite cell for λ′. By Lemma 3.11, we have
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−κM (b′M )− (λ
′)♯M = −κM (b). Thus using that πdR is pro-étale, we obtain
dimπ−1HT(Z) ≤ dim (Sλ′ ∩GrG,µ−1) + dimAut(Eb′)/Aut(Eb′,P ).
Using the explicit description of AutEb′ in [FS, II.5], the last summand is 〈ρ, νb′ − νb′M 〉. For
the first summand we use that we are in the minuscule case. Thus, λ′ = µww0 for some
w ∈ W . The Bialinicky-Birula isomorphism identifies Sλ′ ∩GrG,µ−1 with F(G,µ
−1)w,⋄, the
Schubert cell for w in the flag variety for (G,µ−1dom). The dimension of this Schubert cell is
equal to ℓ(w) = 〈ρ, µww0 + µ〉, hence dimSλ′ ∩GrG,µ−1 = 〈ρ, λ
′ + µ〉.
Altogether it remains to show that
(7.3) dimπdR(π
−1
HT (Z)) = dim π
−1
HT(Z) ≤ 〈ρ, λ
′ + µ〉+ 〈ρ, νb′ − νb′M 〉 < 〈2ρ, µ〉.
Let P ′ be the standard parabolic subgroup with Levi factorM ′ and recall that we assumed
b′M ∈ M
′(F̆ ). For some x ∈ Sλ′ ∩ GrG,µ−1(C) consider the modification Eb′,x ∼= E1 and the
reduction (Eb′,x)P ′ induced by the reduction EP
′
b′M
. Since it is a reduction of the semi-stable
bundle E1, we obtain that its slope vector is κM ′(b
′
M ′) − (λ
′)♯M′ ≤M ′ 0, hence that this
difference is a non-positive linear combination of the images of positive coroots (of M). Let
λ̃ be the M -dominant representative in the W -orbit of λ′. Then (for example by Lemma
7.14(1)) κM ′(b
′
M ′ ) ≤M ′ λ̃
♯M′ . Since νb′M is central in M
′ and λ̃ is M ′-dominant, this implies
νb′M ≤ λ̃. More precisely (since they have the same image in π1(M)Γ,Q), their difference
is a non-negative linear combination of positive coroots of M . Let w ∈ W with νwb′M
= νb′
dominant. Since νb′M is M -dominant, we may choose w ∈ W
M . In particular, conjugation
by w maps positive coroots in M to positive coroots. Altogether, we obtain
〈ρ, λ′ − νb′M 〉 ≤ 〈ρ, λ̃− νb′M 〉
≤ 〈ρ, w(λ̃ − νb′
M
)〉
≤ 〈ρ, λ̃dom − νb′〉
≤ 〈ρ, µ− νb′〉.
If equality holds, the first equality implies that λ′ = λ̃. Let M̃ ⊇ M ′ be the smallest
standard Levi subgroup such that λ̃−νbM′ is in the Q-vector space generated by the coroots
of M̃ . Then equality in the second inequality above means that M̃w is again a standard
Levi subgroup. Furthermore, w(λ̃ − νb′M ) = λ̃
w − νb′ is in the Q-vector space generated by
the coroots of M̃w. The other equalities prove that λ̃w = λ̃dom = µ. This is in contradiction
to Hodge-Newton indecomposability (for M̃w). 
Remark 7.13. Most of the above argument also works for non-minuscule µ. The only place
where we need the assumption to be minuscule is to show that dimSλ ∩GrG,µ ≤ 〈ρ, λ+ µ〉.
The proof would generalize verbatim to non-minuscule µ once one can show this for all λ
and µ.
Lemma 7.14. Let P1, P2 be standard parabolic subgroups of G with standard Levi factors
M1,M2 and unipotent radicals N1, N2.
(1) Let ν ∈ X∗(T )Q be dominant. For every w ∈ W,
ν  w−1(ν)
in X∗(T )Q.
(2) Let ν ∈ X∗(T )Q be dominant P1-regular. If w ∈ M1WM2 is such that the images of
ν and w−1(ν) in π1(M2)Q agree, then w = 1.
Proof. (1) is shown in [Sch, Lemma 4.8] and follows immediately from the assumption that
ν is dominant. For (2) we replace ν by a suitable multiple and may thus assume that
ν ∈ X∗(T ), and that the images of ν and w−1(ν) in π1(M2) agree. Let ν′ be the M2-
dominant representative in the WM2 -orbit of w
−1(ν). Since ν, ν′ are in the same W -orbit
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and both M2-dominant, there is no root hyperplane for M2 separating the two elements.
Therefore, ν − ν′ is a non-negative linear combination of coroots α∨ for roots α of T in
N2. Since ν = ν
′ in π1(M2), this implies that ν = ν
′, hence w−1(ν) ∈ WM2 (ν). Since
w ∈ M1WM2 , this implies w = 1. 
In particular, we obtain a new proof of the classification of data (G,µ, b) for which the
admissible locus coincides with the weakly admissible locus. This has previously been shown
by Chen, Fargues and Shen [CFS, Thm. 6.1].
Corollary 7.15. Let b ∈ G(F̆ ) be basic, and let {µ} be a minuscule conjugacy class of
cocharacters of G. Then GraG,µ = Gr
wa
G,µ if and only if (G,µ, b) is fully Hodge-Newton
decomposable.
Here, as in [GHN], a triple (G,µ, b) is fully Hodge-Newton decomposable if every non-
basic element of B(G,µ, b) is Hodge-Newton decomposable.
Proof. We have GraG,µ = Gr
wa
G,µ if and only if the weakly admissible locus does not intersect
any non-basic Newton stratum. By the theorem this is the case if and only if every other
non-empty Newton stratum is Hodge-Newton decomposable. 
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